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Abstract The properties of some RP-estimators for some common nonparametric
tests are investigated. These estimators can be used to evaluate the variability of
the test outcomes and to define the RP-testing decision rule: “accept H0 if the RP-
estimate is lower or equal to 1/2 and reject H0 otherwise”. We analyze the perfor-
mances of the considered RP-estimators computing their MSE and evaluating the
precision of the aforementioned decision rule, which results very accurate.
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1 Introduction

The Reproducibility Probability (RP) is the true power of a statistical test and it
can be interpreted as the probability of obtaining a rejection of the null hypothe-
sis in identical subsequent experiments. For this reason, RP-Estimation is an im-
portant tool to evaluate the stability and the variability of the test outcomes (see
Goodman,1992, and Shao and Chow 2002, for an application to clinical trials). RP-
Estimation not only allows to estimate the true power of the test but it can also be
used to perform RP-testing. RP-testing has been introduced by De Martini (2008)
and it is a technique for testing statistical hypotheses on the basis of the estimate of
the RP. The threshold for statistical significance of the RP-based test is 1/2, with
the null hypothesis rejected for high values of RP estimates. In a parametric model,
the equivalence between the RP-test and the classical one holds under mild regular-
ity conditions (see De Martini, 2008 for details). In the nonparametric framework,
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we mainly studied the Wilcoxon Rank-Sum test. In this case, the equivalence be-
tween the RP-based test and the classical one still holds in theory, but it cannot be
obtained in practice (see De Capitani and De Martini, 2011, for details). Then, we
performed a wide simulation study (see De Capitani and De Martini, 2012) to asses
the properties of several RP-estimator for the WRS test. We took into account sev-
eral semi-parametric RP-estimators based on the Asymptotic Normality (AN) of the
WRS test statistic and a general nonparametric RP-estimators defined by the plug-in
of the empirical distribution functions into the power functional of the WRS test. On
one hand, we showed that the probability of disagreement between the RP-based test
and the classical one is very low, considering both semi-parametric and nonparamet-
ric RP-estimators. On the other hand, we obtained that the general nonparametric
RP estimator and the semi-parametric ones have a very similar MSE. These re-
sults lead us to a further comparison between semi-parametric and nonparametric
RP-Estimators. In detail, in the following we will investigate the performances of
the aforementioned RP-estimators for the Sign test, Binomial test, Kendall test, and
Wilcoxon Signed Rank Test.

2 RP-Estimation and testing for the Binomial and Sign test

At first we consider the Binomial test. Let X1, ...,Xn be a random sample from
the Bernoulli distribution with unknown parameter p. The statistical hypotheses
H0 : p≤ p0 versus H1 : p > p0 can be tested, with a significance level α , using the

exact (and conservative) test Ψ(X1, ...,Xn) =

{
1 if p̂ > cα

0 otherwise , where p̂ = 1
n ∑

n
i=1 Xi,

cα =
b(1−α;n,p0)

n and b(q;n,p) is the q-quantile of the binomial distribution with param-
eters n and p. The test Ψ can be replicated, in analogy to De Martini (2008), using
the RP-testing technique. In particular, let B(·;n, p) denote the binomial cdf param-
eters n and p and let p̂• be the solution of the equation B(np̂;n, p̂•) = 1/2. The
RP-estimator π̂ = 1−B(ncα ;n, p̂•) replicates Ψ through the decision rule “accept
H0 if π̂ ≤ 1/2 and reject H0 otherwise”. In place of π̂ , the plug-in RP-estimator PI =
1
nn ∑

n
j1=1 . . .∑

n
jn=1Ψ(X j1 , ...,X jn) can be adopted. With some combinatoric analysis

we obtained that PI assumes the values pi j = 1− B
(

ncα ;n, j
n

)
with probability

P(PI = pi j) =
(n

j

)
p j(1− p)n− j. Moreover, it is worthwhile to note that if p̂ = cα

the value assumed by PI is pincα
= 1−B(ncα ;n,cα)≤ 1/2. Analogously, the value

of PI associated to p̂= cα +1/n is pincα+1 = 1−B(ncα ;n,(ncα +1)/n)> 1/2. This
demonstrates that the RP-testing rule based on PI and the classical test are equiv-
alent when the Binomial test is applied. Similar theoretical results can be obtained
also concerning the well known Sign test, but they are note reported here. We com-
puted the MSE of π̂ and PI for various sample size, values of p0, and values of the
parameter p. It turns out that, in general, the estimator PI has a lower MSE than π̂

with a percentage gain of about 5%.
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3 RP-Estimation and testing for the Wilcoxon Signed Rank test

Let X1, ...,Xn be a random sample from an arbitrary, continuous, and symmetric cdf
F whose median is θ . In order to test H0 : θ = 0 versus H1 : θ > 0 it is possible
to apply the Wilcoxon Signed Rank (WSR) test, which is based on the statistic
W = ∑

n
i=1 IiRi = #

{
positive(Xi +X j)

}
where Ri = rank(|Xi|) and Ii = 1 if Xi > 0

and 0 otherwise. The statistic W defines the exact and asymptotic tests

Ψ(X1, ...,Xn) =

{
1 if W > wα

0 otherwise and Ψ
′(X1, ...,Xn) =

{
1 if W > w′α
0 otherwise

where wα denotes the (1−α)-quantile of the exact null distribution of W and w′α =
n(n+1)

4 + z1−α

√
n(n+1)(2n+1)

24 . As for the WRS test, the exact test Ψ can not be repli-
cated through RP-testing, but it can be well approximated by an RP-based test. In de-
tail we consider the RP-estimators π̂ = 1−Φ

[
z1−α +

(
n(n+1)

4 −W
)√

24
n(n+1)(2n+1)

]
and PI = 1

nn ∑
n
j1=1 ...∑

n
jn=1Ψ ′(X j1 , ...,X jn). The estimator π̂ is based on the AN of

W and is obtained applying an approximation procedure similar to those adopted in
Noether (1987). It is worthwhile to note that π̂ replicates the asymptotic WSR test
Ψ ′. The derivation of the exact distribution of both the RP estimators defined above
is not as easy as in the case of the Binomial test. Then, their properties are investi-
gated by a simulation study of 104 replications fixing α = 0.05 and n = 15,30,60.
For each sample size four different values of θ are considered. The first is θ = 0, the
other three values give rise to tests of power approximately equal to 0.2, 0.5 and 0.8.
We obtained that the MSE of π̂ is slightly lower than that of PI with an averaged
percentage gain of about 7%. Moreover, we obtained that the test based on π̂ and
the classical exact test Ψ lead to different decisions with an estimated probability
of about 0.77%, which is, in fact, quite small. Similarly, the estimated probability
of disagreement between Ψ and the RP-testing decision rule based on PI resulted
nearly 1.48%.

4 RP-Estimation and testing for the Kendall test of independence

Let (Xi,Yi), i = 1, ...,n, be a random sample from a bivariate continuous distribution.
To test the independence among X and Y against the alternative of positive associ-
ation the Kendall test of independence can be adopted. The statistical hypotheses
are: H0 : τ = 0 versus H0 : τ > 0, where τ is the Kendall rank correlation coefficient.
The test statistics is K = ∑

n−1
i=1 ∑

n
j=i+1 (sign(Xi−X j) · sign(Yi−Yj)) which defines,

respectively, the exact and asymptotic tests

Ψ(X1,Y1...,Xn,Yn) =

{
1 if K > kα

0 otherwise and Ψ
′(X1,Y1, ...,Xn,Yn) =

{
1 if K > k′α
0 otherwise
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where kα denotes the (1− α)-quantile of the exact null distribution of W and

w′α = z1−α

√
n(n−1)(2n+5)

18 . As for the WSR and WRS tests, the exact Kendall test
Ψ cannot be replicated by an RP-based test, but it can be well approximated
through RP-testing using the RP-estimators π̂ = 1−Φ

(
z1−α −K

√
18

n(n−1)(2n−5)

)
and PI = 1

nn ∑
n
j1=1 ...∑

n
jn=1Ψ ′(X1,Y1, ...,Xn,Yn). Again, π̂ is based on the AN of K

and is obtained by applying an approximation procedure similar to those adopted in
Noether (1987). As for the WSR test, π̂ replicates the asymptotic Kendall test Ψ ′. In
a simulation study of 104 replications we evaluated the properties of the aforemen-
tioned estimators. We set α = 0.05 and we considered samples of size n = 15,30
and 60 from the bivariate normal distribution with correlation ρ . For every sample
size, we choose five different values of ρ . The first is ρ = 0, the other four values
give rise to tests of power approximately equal to 0.25,0.4,0.75 and 0.9. Simula-
tions highlight that the MSE of π̂ tends to be larger than that of PI in the scenarios
characterized by a low true power of the test. When the true power if high (greater
than 0.7) π̂ works better. Globally the gain of PI with respect to π̂ is about 1.5%.
The exact test Ψ and that based on π̂ provide different results with a very small
estimated probability of 0.46%. Also the estimated probability of disagreement be-
tween Ψ and the test based on PI is small, and resulted nearly 0.78%.

5 Conclusions

The analysis we presented in this paper confirm the results obtained in De Capitani
and De Martini (2012) for the WRS test. In detail we observed that semi-parametric
and non-parametric RP-estimation and testing can be applied also to the Binomial,
Sign, WSR, and Kendall tests. The very good performance of the general RP esti-
mator PI must be emphasized. This is a very interesting result since PI is a general
RP estimator and it can be applied in almost all the cases of practical interest.
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