Randomly Reinforced Urn Designs whose
Allocation Proportions Converge to Arbitrary
Prespecified Values
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Abstract We construct a response adaptive design, described in tdriws-color
urn model targeting a fixed asymptotic allocation. We prosygptotic results for
the process of colors generated by the urn and for the pro¢ésscompositions.
We also discuss the use of this urn model, for an estimatiohlem, in sequential
clinical trials.
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1 Introduction

Consider a clinical trial with two competitive treatmergayR andwW. We construct
a response adaptive design, described in terms of two-oolanodel, targeting any
optimal fixed asymptotic allocation. A large class of resgmadaptive randomized
designs is based on urn models, a classical tool to guaranaesdomized device
[3, 7], to balance the allocations [2] or to construct desigmich asymptotically
assign all subjects to the best treatment [4, 6]. il color, Randomly Reinforced
Urn (RRU) introduced in [5] and studied in [6], is a randomizedlide that is able
to target the optimal treatment, see [6]. Here we modify #ieforcement scheme
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of the urn in order to target asymptotically an optimal alltian proportion. Let us
consider two probability distributiongg and tay with support contained ifa, 3],
where 0< a < 8 < 4+ and a sequencf@J,), of independent uniform random
variables on(0,1). We will interpretugr and i as the laws of the responses to
treatmenR andW, respectively. We assume that both the meags- ff XURr(dX)

andmy = ff xpw (dx) are strictly positive. To get some intuition into the proges

Xn, visualize an urn initially containingy balls of colorR andwg balls of colorw.

Set Ro
Ro = ro, Wo = Wo, ZOZD—-

0

Attime n= 1, a ball is sampled from the urn; its colorXs = 10,7 (U), aran-

dom variable with BernoulliZ) distribution. LetM; andN; be two independent

random variables with distributiomgr andpyy, respectively; assume th&t, M; and

N; are independent. Next, if the sampled balRist is replaced in the urn together

with X;M; balls of the same color &y < n, wheren € (0,1) is a suitable param-

eter, otherwise the urn composition does not change; if dinepted ball isW, it

is replaced in the urn together with — X;)N; balls of the same color iZy > 9,

whered < n € (0,1) is a suitable parameter, otherwise the urn composition does

not change. So we can update the urn composition in the filtpway

Ri=Ro+ X1M11[20<,7], WL =Wo+ (1— X1>N11[ZO>5]7 Zy = [Fi—j]:
Now iterate this sampling scheme forever. Thus, at timel, given the sigma-
field 7, generated byy, ..., Xn, My, ..., Mn @ndNy, ..., Nn, let Xq1 = 107, (Uns1)
be a BernoulliZ,) random variable and, independently®f andX,. 1, assume that
Mns1 andN, 1 are two independent random variables with distribufigrand pay,
respectively. Set

Roi

Rnt1=Rn+Xn11Mni11iz, <)y Whir =Wa+ (1= Xn1)Nntaliz o 50 Znia = Doy
n+

We thus generate two infinite sequen¢®s)neny and(Zn)nen of random variables,
representing the color of the ball sampled from the urn aedtioportion of balls
of colorR, respectively.

In [1] the following asymptotic convergence result is prdve

Theorem 1. The sequence of proportions (Zn)nen Of the urn process converges al-
most surely to the following limit

nif 2 xur(dx) >[5 xpaw (dx),
liMyeZn =
o if ff XHUR(dX) < ff Xpw (dX).

The urn proportion proces@n)nen cONverges to a value which depends on the
unknown means of the reinforcement distributions. Thiseasgharacterizes the
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adaptive nature of the design based on the urn model. Incplatithis modified
urn model generates a proc€Zs)ncn that converges to one of the valugd, n },
according the reinforcement with the greatest mean. Wikeas my we don’t have
the explicit form of the asymptotic distribution of the urroportionZ,,. Neverthe-
less, we know thatZ,)ney converges to a random varialde whose distribution
has no atoms and its supporSs = [, n].

2 An application to estimation in clinical trials

Let us consider a treatmeW, and suppose its mean effect on patients to be es-
timated during an adaptive clinical trial. Suppose thatdrstribution of random
effect on patients of the competit® can be modified arbitrarily. The aim of the
experiment is to infer the mean effect of the treatnWrity modifying suitably the
mean effect of treatmef Let us consideK urns with the same initial composition
(Ro,Wp). Red balls are associated with treatmi@nivhile white balls with treatment
W. We will denote withZ) = (Z})nen the process of the urn proportion in thi&
urn, forj € {1,2,..,K}.

At the beginning, we choose the distribution of treatmi@nin order to set the
mean of the random response to an initial vatg;. Let K urn processes start
simultaneously. At each step, we draw a ball form every umh &e update the
composition of each urn independently, following the matkdcribed in section 1.
After reinforcements have been performed, we will have treositions oK urns,
and we can compute the empirical cumulative distributign:ﬁmnlfn of the random
variablez,. Thanks to the Theorem 1, for ever¥ [0, 1], Fy(X) must converge to

Fn(X) = Lpep) if MR > mw,

F5(X) = 1{X25} if Mr1 < My.

In the case ofng 1 = My, we compute off line the asymptotic cumulative distri-
bution Fe of Z., = Ze. In other words, we simulate othst urns, in order to get the
empirical distribution of the limiZ. For this purpos#, the number of urns and
the number of draws can be arbitrarily large.

1M ~
— S 17 oy > Fe(X), for large mand M
M i; {Zin<x

At each step, once every urn has been reinforced, we use theevgtein dis-
tance(dw) to compute the distances betwegnand the three asymptotic possible
distributions. Then, we take the minimum among these distsand if it is lower
than a suitable thresholdl we can assume the proportidn has reached its limit.
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Otherwise, the urn processes go on with further draws. VWeth®algorithm at step
i if
min{dw(Zs, ) ,dw(Zs, Ze) ,0w(Zs, 05) } =

1 1 N 1
min{/o |Fﬁ(x)fF,7(x)|dx,/o |Fﬁ(x)—Fe(x)|dx,/O |Fﬁ(x)F5(x)|dx}<a.

When the stopping rule is verified, different scenarios argsjble. If the mini-
mum distance isl(Zs, &;) we can assume 1 was greater than the unknown mean
my. For this reason, we change the composition of treatrRettt decrease the
mean effect to a new suitable valog, < mg . Alternatively, if the lowest dis-
tance wasl(Zg, d5) we increase the mean effect of treatmBnin order to have a
meanmg2 > MR 1. In any case, we have that the difference between the twosnean
is decreasing, i.e]mr2 —My| < |Mr1— My|. At this point, we start over withK
urn processes, with the same initial compositignyo). The model is the same as
before, with the only difference that the mean of the reicéonent of red balls has
been changed. Now, random responses to treatRifailiow a distribution law with
an updated mean value equad 2, whereas random responses to treatrifé tiave
the previous mean value equalrtyy.

The experiment goes on until the stopping rule is verified @@, Z:) < a. If
we callip the number of times we have modified the mean of the randononess
to treatmenR, we can suppose thairj, = my and this is a good estimate of the
unknown meammy. Compared to a non-adaptive design this procedure, not only
provides a good estimate ofy, but also allocates a greater proportion of patients
to the best treatment.
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