Depth measures for the study of real and
simulated ECG signals
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Abstract In biomedical context examples of functional data to beisthiaith suit-
able statistical techniques are more and more frequenpigang. The paper is
focused on the analysis of ECG signals, both arising frorhalgdacal practice and
numerical simulations, as multivariate functional datae ™ain focuses of the anal-
ysis are the application to such data of new techniquesgrisbm the generaliza-
tion of depth measures theory, as well as their use for thdatéin of simulated
signals.
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1 Introduction and Motivations

A natural tool to analyze functional data, when the inteiseist pointing out an order
among curves, is the idea of statistical depth. The depthiges a measure of cen-
trality of an observation with respect to a given datasetpoulation distribution.
A generalization of the multivariate concept of depth meagb] to functional data
is given in [6]. In this work we deal with multivariate funotial observations, i.e.,
statistical units where each component is a curve. Geamatans of the concept
of depth for functional data to the multivariate functionake, as well as the use of
depth measure for generalizing nonparametric tests [Agonultivariate functional
case can be found in [1]. In that work we propose, analyzeaapty a new concept
of index of depth for multivariate functional data, obtaings an average of uni-
variate centrality measures for univariate functionabd#t [2] the construction of
the functional boxplots [7] is extended to the more complemxtext of multivariate
functional data. All these tools may be naturally appliethi@ biomedical context,
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and in particular in those applications that deal with aardscular diseases diag-
noses carried out using Electrocardiographic (ECG) devitefact, ECG signals
can be considered as multivariate functional data with deéget components (see,
among others, [3]). In the context of the analysis of real BfBals, some issues of
interest are, for example, classification of groups of ceiwith similar morpholog-
ical patterns, multivariate functional outliers detentigithin a homogeneous group
and classical inference on mean, quantiles and variancespéeified subpopula-
tions. From a clinical point of view, the first issue concehosy to carry out a semi
automatic diagnosis based only on the morphological devisfrom physiological
patterns induced by the presence of the disease of inténesspcond one leads to
profile “representative” curves for each pathology; finalig third one allows for
the investigation of the presence of statistically sigaificdifferences between the
subpopulations of pathological units and the physioldgioes.

We will focus now on the multivariate functional outliersteetion performed
through suitable multivariate functional depth indexed applied to the validation
of ECG signals arising from numerical simulations.

2 Depth Measuresfor Multivariate Functional Data

In [1], starting from the definition of depth measure giver[6h a new concept
of multivariate functional depth measure is presented atisgcal properties are
established and proved. Moreover, the modified versionebtdnd depth is given,
and it is used to implement the modified version of the fumztidoxplot, intro-
duced in [2]. LetX a stochastic process with l&taking values on the spa@é(l)
of real continuous functions on the compact interbalhe graph of a function
f € €(l) is the subset of the plar®(f) = {(t, f(t)) :t € I}. The random band
depth, of orded > 2, for a functionf € ¢'(1) is thenBDﬂ,x(f) = ZLZPx{G(f) C
B(X1, X2, ..., X))}, whereB(Xy, X, ..., X;), for j = 2,...,J is the random band ifR2
delimited byXy,...,X], independent copies of the stochastic procesdefined as
B(X1,....Xj) = {(t,y(t)) :t € [,mine—y__j X (t) < y(t) <max—_y X (t)}. In[1]
a new definition of a band depth measure for multivariate tional data is given,
i.e., data generated by a stochastic proeesaking values in the spacg(l;RS) of
continuous functions= (fy, ..., fs) : | — RS, A multivariate band depth measure is
defined as

S S
BDR, (f) = > pkBDgxk(ka pc >0 fork=1,..,s S =1 (1
k=1 k=1

and proofs of the basic statistical properties of the maittate band depth measure
are provided in [1].

If X1,...,X, are independent copies of the stochastic proegsthe sample
version of (1) can be introduced in order to conduct desedpand inferential
statistical analyses on a set of multivariate functiondahdsa, ...,f, generated by
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the processX. For anyf in the samplefy,...,f, we can compute the depth as
BD;(f) = yr_1 kBD; (fi), where, for the functiorfi € (1),

BD% k(fk) = J <”> -1 z I{G(fx) C B(fik, - fiin)}
’ JZZ ] 1<iy<ip<<ij<n ; i

andI{G(fx) C B(fi x;-.., fij;k)} indicates if the band determined k¥, ..., fij;k)
contains the whole graph d§. Thek component of the vectdy is denoted byf; k.
As proposed in [6] also in this multivariate functional segtwe can move to the
analogous of the modified band depth:

S
MBD}(f) = 5 pMBD;( fi), (2)
k=1

where for the functiorfy € €'(1) the modified band depth measures the proportion of
time that the curvey is in the band, i.e MBD})  (fi) = 37, (?)7121Si1<i2<”.<ij§n
/\{E(fk; fil;k,..., fij;k)}u where E(fk) :,.: E(fk; fil;ka ceey fij;k) = {t S |,minr:il7_,_7ij
frk(t) < filt) <max—i; i; frk()}, A(f) = A(E(fk))/A(1) and A is the Les-
begue measure oh The values of the modified band depth measure are stable
with respect to the choice af, and in order to be computationally faster we set
J = 2 and we denot®IBD;(f) asMBD(f) in the following. The use of the modified
band depth measure avoids also having too many depth tiesn @ie multivariate
band depth measure defined in (2), a sample of multivariaietifonal datd, ..., f,

can be ranked. In the following we dendtgthe sample curve associated with the
ith largest depth value, sy = argmax., .,y MBD(f) is the median (deepest
and more central) curve, arfgy = argmin., 1+ MBD(f) is the most outlying
one. Moreover, starting from the ranking provided for thengke of multivariate
curves, multivariate functional boxplots can be obtairiedyrder to assess multi-
variate functional outliers.

3 Application toreal and ssimulated ECG signals

In the following, we think to an ECG signal as a multivariatadtionf; = (fi.1, ..., fi:g)
with componentds k=1, ...,8), generated by a stochastic process that takes val-
ues inR8. In other words itis considered as a signal composed by 8leded curves
(leads |, II, V1, V2, V3, V4, V5 and V6) for each statisticaliti(patient). We then
apply the generalized concept of statistical depth to tmegkivariate functional
data in order to rank them, according to the degree of desghey present with
respect to the entire sample. In [1, 2], an application ofttiuds briefly described
above to a dataset of real ECG signals is proposed, consid#&@0 physiological
traces, 50 Left Bundle Brunch Blocks (LBBBs) and 50 Right BlerBrunch Blocks
(RBBBSs). These procedures can then be applied in order ty cart functional
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boxplots and to perform outliers detection for a new simedéECG (physiological
or pathological), whose deepness with respect to the qunelng population of
signals we want to capture. Figure 1 shows the results onlleathe multivariate
functional boxplot for registered QT segments (furthehtecal details are provided
in [3]) of a sample of 100 phisiological and 1 simulated ECGs.

Fig. 1 Lead | of the mul-
tivariate functional boxplot
for a simulated physiologi-
cal ECG with respect to the
corresponding population of
the real physiological traces.
Black solid line represents
the functional median. Green
solid line is the simulated
ECG whose deepness we are o 100 200 300 400
interested in for validating

numerical simulations.
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We can then assess how much a simulated multivariate signdde considered as
coming from a reference population of signals, computiaglépth in the way we

described above. This is a new method for validating nuralyisimulated ECGs

from a statistical perspective.
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