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Abstract Frequentist and likelihood based methods of inference encounter several
difficulties with the multivariate skew-normal model. In spite of the popularity of
this class of densities, there are no broadly satisfactory solutions for estimation and
testing problems. In this paper we propose a general population Monte Carlo algo-
rithm which exploits the stochastic representation of the skew-normal random vari-
ables in terms of latent structure to provide a full Bayesian analysis of the model.
Our approach can be defined weakly informative since we use priors which approx-
imate the actual reference prior for the shape parameter vector. We compare our
results with the existing classical solutions and illustrate the practical implementa-
tion of the algorithm.
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1 Introduction

The Skew Normal (SN hereafter) model has been formally introduced in [2] and
it was then generalized to the multivariate case by [5]. The main reason for the
popularity of this class of distributions lies in the fact that it is able to capture,
and explicitly model, mild departures from symmetry, without losing mathematical
tractability; this can be particularly useful in real data applications.
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The SN class is also very popular because it naturally arises in real data analy-
sis when some special mechanism of data collection arises, i.e. hidden truncation
or selective reporting: see [1] for a complete account of these aspects. A deeper
analysis of the huge amount of literature, however, reveals that most of the existing
results are related with the distributional theory of skew-normal and, more gener-
ally, skew-elliptical distributions. On the other hand, the theory of inference is still
problematic even in the scalar cases [4]. These problems were anticipated since [2]
and they are basically due to some anomalies of the likelihood function. These dif-
ficulties tend to be more challenging in the multivariate set-up where, in addition,
“problematic” situations are not so easy to detect. Even ignoring these pathological
cases, the likelihood surface arising from an i.i.d. sample of skew-normal random
variables is often non regular and MLE computations tend to be unstable.

For all these reason, we propose to adopt a full Bayesian analysis of the multivari-
ate SN model. In particular we propose to use objective priors, in order to correct
the odd behavior of the likelihood function without introducing external informa-
tion, and to exploit the latent structure of the SN model in order to tailor a specific
version of a Monte Carlo algorithm and to produce valid posterior inferences, in
terms of estimation and testing.

2 Augmented likelihood function and priors

In this paper we will consider the multivariate SN model. A random vector X is said
to have a p-dimensional standard SN distribution, with correlation matrix Ω and
shape parameter α when the density function is

f (x;ξ ,Ω ,α) = 2ϕp (x;Ω) ·Φ1
[
α
′x
]
, x,α ∈ Rp. (1)

It is easy to add location and scale parameters: let ξ a p-dimensional vector and let

ω = diag(ω1, . . . ,ωp)

be the “vector” of the marginal scale parameters, that is Σ = ωΩω represents the
scale matrix. Then Y = ξ +ωX has a p-dimensional SN distribution (SNp(Σ ,ξ ,α),
hereafter) with density

f (y;ξ ,Σ ,α) = 2ϕp(x−ξ ;Σ)Φ1
[
α
′
ω
−1(x−ξ )

]
In this parameterization, each component of the shape parameter α can take any
real value. There exists an alternative parameterization [3] defined in terms of δ ∈
[−1,1]p, given by

δ = (1+α
′
Ωα)−

1
2 Ωα. (2)

We adopt the same parameterization used in [6], which exploits the intrinsically
latent structure of the SN density function so to produce an augmented likelihood
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function. In fact, the likelihood surface is not really manageable and the explicit
introduction of latent variable allows us to turn back to a Gaussian context.

Although this parameterization is more suitable in terms of practical implemen-
tation and computation, we prefer the original parameterization for the elicitation
of priors. Our primary goal here is to propose a general method of inference for the
parameters of the multivariate SN distribution. For these reasons we have tried to be
as much “objective” as possible in choosing the prior for the parameter vector. How-
ever, it is not easy to derive a formal Jeffreys or reference prior for the parameters
of a multivariate skew-normal distribution. In this paper we have assumed a priori,
as usual, ξ ⊥⊥ (δ ,Σ). Also we assumed a flat prior for the “location” parameter ξ

and a conjugate Normal Inverse Wishart prior for the “scale” parameter Σ ;

π(ξ ) ∝ 1 and Σ ∼ IWp(m,Λ).

Obviously, one can always consider the limiting case (m→ 0,Λ → 0) to get the
classical Jeffreys prior

π(ξ ,G) ∝
1

| Σ |
p+1

2

.

The choice of a good objective prior for δ is more delicate. in the univariate SN
model, [7] have shown that the Jeffreys’ prior for the shape parameter α is proper;
its use, in a sense, automatically and pragmatically solves the problem of potentially
non vanishing likelihood function, which can happen with the SN model (see [3]).

In the multivariate case, an objective analysis can be done only for one com-
ponent of the shape vector. For practical purposes, a prior can be chosen in the
following way: in the scalar case the approximate Jeffreys’ prior for β = (1+δ )/2,
with δ = α/

√
1+α2 is a Beta(0.25,0.25) prior; in analogy with that, one can use,

in the multivariate case, the prior

π
IND(δ ) ∝

p

∏
j=1

(
1−δ

2
j
)− 3

4 , (3)

that is, we assume that the components of the skewness vector are, a priori, indepen-
dent and identically distributed. Although independence can be considered a strong
assumption, it is hard to conceive any non subjective form of dependence. Notice
also that any prior distribution on δ should be considered only for those values
which satisfy the positive definiteness of G. In this perspective we will consider the
parameter constraint as generated from the prior rather than from the likelihood. In
the rest of the paper, we will then consider, as the prior for δ ,

π̃
IND(δ |Ω) =

1
A(Ω)

p

∏
j=1

(
1−δ

2
j
)− 3

4 , (4)

where A(Ω) is the integral of (3) over the parameter values such that det(Ω) > 0.
In a simulation framework, the function A(Ω) should be evaluated for any proposed
vector of parameters, and this translates in a very high computational burden. Hence,
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we propose an approximation of the function A(Ω) which represents a very efficient
solution to this problem.

3 Simulations

A population Monte Carlo sampler (PMC, hereafter) is employed to obtain a sam-
ple from the joint posterior distribution of θ . We preferred not to adopt a MCMC
strategy in order to avoid the problems that usually arise when simulating a Markov
chain to explore the posterior distribution of the parameters of a model with latent
variables. In particular, the coexistence of different particles, and the competition
between them, allows to better consider the issue of multimodality of the posterior
density. In similar situations the Gibbs sampler tends to be attracted by one of the
modes and hardly escapes from a neighborhood of it. Besides, from a model selec-
tion perspective, the estimation of the normalising constant can be performed as a
simple by-product of any PMC (and MC) sampler. Finally, the use of MC algorithms
allows the simoultaeous draw of all the particles: this fact dramatically improves the
efficiency of the algorithm compared with generic MCMC approaches.

We consider the frequentist properties of our Bayesian procedure: even though
the median of the sampling distributions of the MLE is quite precise, this kind of es-
timator always shows a non-negligible probability of obtaining infinite values for the
estimates. The Bayesian approach, via the use of a weakly informative prior, elimi-
nates this problem and provides estimates with good frequentist coverage properties.
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