A prediction error for a linear regression model
with fuzzy random elements

Maria Brigida Ferraro

Abstract The concept of a fuzzy random variable (FRV) arises in order to jointly
consider two kinds of uncertainty: the randomness and the imprecision. A linear re-
gression model with fuzzy random elements and the related least squares estimation
problem are briefly recalled. To check the adequacy of the model from a predictive
point of view a prediction error is introduced and investigated. In details, it is defined
by means of an appropriate metric and it is estimated by means of a cross-validation
procedure.
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1 Preliminaries

Given a universe U of elements, a fuzzy set A is defined through the so-called mem-
bership function pi; : U — [0, 1]. For a generic x € U, the membership function ex-

presses the extent to which x belongs to A. Such a degree ranges from O (complete
non-membership) to 1 (complete membership) [6].

A particular class of fuzzy sets is the LR family, whose members are the so-
called LR fuzzy numbers. The space of the LR fuzzy numbers is denoted by .7 .
An LR fuzzy number A is determined by three real-valued parameters, namely, the
center (A™) and the (non-negative) left and right spreads (A! and A”, respectively).
The membership function of A € % can be written as

Maria Brigida Ferraro
DSS, Sapienza Universita di Roma, P.le A.Moro 5 - 00185 - Roma,
e-mail: mariabrigida.ferraro@uniromal..it



2 Maria Brigida Ferraro

L(A':f‘) x<A" Al>0
Liamy(x) x<A™ AT=0
R(52) x>am a7 >0

0 x>A" A =0

() = m

where the functions L and R are particular decreasing shape functions from R to
[0,1] such that L(0) = R(0) = 1 and L(x) = R(x) = 0,Vx € R\ [0,1], and 1; is the
indicator function of a set 1. A is a triangular fuzzy number if L(z) = R(z) = 1 —z,
for 0 < z < 1. The operations considered in % are the natural extensions of the
Minkowski sum and the product by a positive scalar for interval. In particular, the
sum of A and B in Z 1R is the LR fuzzy number A + B so that

(Am,AI,Ar)+(Bm,BZ,Br) _ (Am +Bm,Al+Bl,Ar+Br),
and the product of Ac T by a scalar y > 0 is the LR fuzzy number }/X so that
Y(A™ALAT) = (yA", YA yAT)

Yang & Ko [5] define a distance between two LR fuzzy numbers X and Y as
follows

Di(X,Y)=(X" — Y™ H(X" — AX )Y =AY )PH (X" + pX )Y +pY "),

where the parameters A = [, L™!(@)dw and p = [} R~!(®)dw represent the in-
fluence of the shape of the membership function. For what follows it is necessary
to embed the space .Z; ¢ into R? by preserving the metric. For this reason a gener-
alization of the Yang and Ko metric can be derived [1]. Given a = (aj,a;,a3) and
b= (by,by,b3) € R3, it is D%Lp (a,b)=a; fb1)2+((a1 —Aap)—(by — 7Lb2))2+((a1 +
paz)—(by + pb3))?, where A, p € RY. D%p will be used in the sequel as a tool for
quantifying errors in the regression models we are going to introduce.

Let (2,47, P) be a probability space. In this context, a mapping X:Q— T
is an LR FRV if (X", X' X"): Q@ — R x R* x R* is a random vector [4]. The
expectation of an LR FRV X is the unique fuzzy set E(X) (€ .Z1z) whose parameters
are E(X™), E(X') and E(X").

2 A linear regression model with fuzzy random elements

Consider a random experiment in which an LR fuzzy response variable Y and p
LR fuzzy explanatory variables X;,X>,...,X, are observed on a random sample of
n statistical units, {17,-,)?1,-,)?2,', ...,)‘(v,,,-}izlr_ﬂn. We consider the shape of the mem-
bership functions as fixed, so the fuzzy response and the fuzzy explanatory vari-
ables are determined only by means of three parameters, namely the center and the
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left and right spreads. We face the non-negativity constraints of the spreads of the
response variable by introducing two invertible functions g : (0,4o0) — R and
h:(0,+0) — R. We jointly consider three regression models whose responses
are, respectively, the center of the fuzzy response variable and two transforms of the
left and the right spreads, and the explanatory variables are the center, the left and
the right spreads of each fuzzy explanatory variables. We have

ym :Xgin‘i’bm‘i’gm7
sY)=Xa, +b+g, )
h(Yr) :XQr+br+8r>

where X = (XJ", X{,X[,.... X", X! X7} is the row-vector of length 3p of all the com-
ponents of the explanatory variables, &, & and &, are real-valued random variables
with E(€,|X) = E(g|X) = E(&,[X) =0, a,, = (aby.a) . ab,.....ahm.al ahy), a) =
(a},,a)y,a},,....a} .ab.al)and a, = (a!

11 PP P
rms Qyps Qppy ony Grm, Gy, Ay ) AT€ TOW-VeECtOrs of

length 3p of the parameters related to X. Finally, b,,, b;, b, denote the intercepts.

Under the assumptions of model (2), the solution of the LS problem is @/m =
(XC,XC)_lxc,XmC, @; _ (Xc’Xc)—IXc’g(Xl)c’ /Q\lr _ (Xc’Xc)—lxc’h(Xr)c’ [;m _ym_
Xa,, by =g(Y')—Xa, and b, = h(Y") — X a,, where Y = Y™ — 1Y™, g(¥!)c =
g(Y) —1g(Y?"), h(Y")¢ = h(Y") — 1h(Y") are the centered values of the response
variables, X¢ = X — 1X is the centered matrix of the explanatory variables and, Y,
g(Y"), h(Y") and X denote, respectively, the sample means of Y™, g(Y"), h(Y") and

X. The estimators a,,, 4, 4, b, b; and b, are unbiased and strongly consistent [2].

3 Prediction error

From a predictive point of view to check the adequacy of our model it is important
to introduce a prediction error. We need a training set to estimate the regression pa-
rameters and a test set to evaluate the regression model by means of the prediction

error. We indicate with {ETRJ?ITZ-R,)?;R, ...J?,,TiR}. 1 the training set and with
i=1,...n7p

{zTS,)?ITiS,)?ZTiS, ...,)?;S}izlw,,” the test set. By means of the distance sz, the pre-

diction error is defined as the expected value of the distance between the observed

values of the fuzzy response in the test set and the fitted values of the response com-

puted by means of the estimators obtained in the training set and the explanatory

variables observed in the test set. In details,

, N 2
PE=E (HY’"” - (X”@Z;R +1b,?f) H 3)
’ ~ , ~ 2
[ (s =g ™)) - (XTS@E 155 - 4 (XSGl 1 167%) ) |

’ ~ TR ~ 2
n H (ZmTS+ph(XrTS)) _ (XTS@;R F16TR 4 p (XTSQrTR +lbrTR>) H ) ’
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where alk, al®, alR, pIR bR and bIR are the estimators of the regression pa-

rameters obtained in the training set. In practice, there are different approaches to
estimate the prediction error. Here a K-fold cross-validation procedure is performed
[3]. It consists in splitting the data into K roughly equal-sized parts. For the k-th part
we calculate the predicted/fitted values of the response considering the regression
parameters estimated by using the remaining K — 1 parts. That is, the k-th part is
considered as test set and the remaining K — 1 parts are the training set. This pro-
cedure is repeated K times. In details, the estimated prediction error by means of a
cross validation procedure is

Phcv = kf} Err, 4)
where
Err, = (HYkaS - (X,{SQ,ER"" +1 EZ,",R"‘) H2 5)
n H (kars . lg(Xf{TS)) _ (XZS@;R%’ _i_lgIZRfk 2 <X]7<’S/Q\ITR7k’ +131TR71{)) H2
i H (XZJS+Ph(XZTS)) _ (ng@’?ik’ +13,€,R*k+p (Xzsarmfk/ _i_lngRfk)) Hz) 7

-1 ~TR—k ~TR—k ~TR—k 7TR—k 7.TR—k 7.TR—k
with g a; L a byt T b T, by

P that are the regression parameters

. . . . . TS
estimated in the training set obtained by removing the k-th part and {Y’ Z’TS, Y ,l( Yy TS, X,{S }
is the test set obtained by considering the k-th part.
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