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Information Provided by Absolute, Essential and Structural Zeros in Compositional Data Sets
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Abstract There is general agreement among researchers that log-ratio methodology is the most adequate in compositional data analysis.  Zero entries in compositional data matrix require special treatment. When zero values are structural, absolute and essential then the analyst should select a treatment or provide a data structure through compositions and its parts. The Use of Time Survey in Catalonia is used for illustrative purposes. 
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1 Compositional Data
Compositions are vectors whose elements, called parts, provide relative information about a whole (Aitchison, 1986). Examples of compositions appear from chemical analyses of food data, relative abundance of species in communities or time use budget. When compositions are represented by vectors of constant sum, its sample space, the simplex, is , where D is the number of parts and the value of k is irrelevant—a popular choice is k=1—. 
There is a general agreement among researchers (Pawlowsky-Glahn and Buccianti, 2011) that the geometry of the simplex is based on log-ratio coordinates. This particular geometry has three basic elements: the operations perturbation, powering, and inner product. These basic elements provide an Euclidean structure to the simplex (e.g., Pawlowsky-Glahn and Buccianti, 2011, Chapter 2). This allows applying all the multivariate methods to analyse compositional data (CoDa) sets. An important step to use these statistical techniques is to build orthonormal bases in the simplex and to express any composition x in its corresponding coordinates. Let e1, e2, …, eD-1 be a orthonormal basis of SD. The orthonormal coordinates of a composition x are obtained using the isometric log-ratio function ilr(x)=[ <x, e1>a,…, <x, eD-1>a]. A Sequential Binary Partition (SBP) (Pawlowsky-Glahn and Buccianti, 2011, Chapter 2) of the parts of a composition consists of D−1 steps, where an orthonormal coordinate is built in each step of the partition. In a first step, a SBP consists of splitting parts of the composition x into two groups, which are indicated by +1 and −1. In consecutive steps, each previously created group of parts is split again into two groups. The partition ends when the groups are made up of a unique part. In the jth step of a SBP, denoting by x+ the group of r parts marked with a +1 and by x− the group of s parts marked with a −1, the corresponding coordinate, bj, is
 ,
where gm(·) is the geometrical mean of involved parts of x.
	
2 Types of zeros in CoDa sets

Both ratios as well as logarithms are operations that require non-zero elements in the data matrix. As a consequence, any analysis of a vector of components must be preceded by a treatment of the zeros. The presence of zero values in a part can be due to different reasons and the underlying reason itself determines the treatment to be applied. As Martín-Fernández et al. comprehensively described in Pawlowsky-Glahn and Buccianti (2011, Chapter 4), it is well-known that there are different zero problems in CoDa analysis: rounded, count and essential zeros.
	A rounded zero can represent an observed proportion below a particular maximum possible rounding-off error or can represent a very small proportion that cannot be recorded due to the low concentration of a substance or element, below a detection limit. In other words a rounded zero is an entry in the data matrix that is not a true value, i.e., it makes sense to replace it by an appropriate small value. In consequence, most of the approaches for dealing with rounded zeros (e.g., Martín-Fernández et al., 2012) are inspired by methods for dealing with missing data or censored values.
	Compositional count data are discrete vectors representing the numbers of outcomes falling into any of several mutually exclusive parts (categories) where the total sum of the vector elements is not of interest. Such CoDa sets may contain zero values which are often the result of insufficiently large samples. That is, they refer to unobserved positive values that may have been observed with a larger number of trials or with a different sampling design. Recently, Martín-Fernández et al. (2014) introduced a geometric Bayesian-multiplicative treatment for addressing this count zero problem in several case studies.
	According to Aitchison and Kay (2003, p. 1) “by an essential zero we mean a component which is truly zero, not something recorded as zero simply because the experimental design or the measuring instrument has not been sufficiently sensitive to detect a trace of the component”. Other names to this type of zero value are absolute or structural zeros. Although, there is not a general methodology for dealing with essential zeros, it is clear that strategies for replacing the essential zero by a small value are not appropriate. In addition, in most cases, the analyst is the responsible to make the decision on whether a zero is essential or not, and select the appropriate treatment.


3 Zeros in the Catalan Use of Time Survey

The Statistical Institute of Catalonia (Idescat) conducted the Use of Time Survey (EUT10) in Catalonia during the years 2010-2011. In this second edition of the survey a sample of 4006 households was selected to examine the daily activities of its members (N= 9388) and many other related variables. This information is crucial in the formulation of social policies to improve living conditions in social, family labor, and entertainment issues. The time expended to each of the different daily activities is a compositional vector (sum constraint k=24 hours) where the interest is ratio between the parts. Originally the CoDa matrix was formed by 9388 rows (individuals) and 34 columns (activities).  According to the Eurostat guidelines (Eurostat, 2008), the Idescat amalgamated the 34 parts in 5 main activities:  personal care&sleep (PS), study&work (SW), housework&family (HF), social activities (SA), and commuting&others (CO). Table 1 shows the number of zeros in each part after the amalgamation.  

Table 1: Number of zeros in the Use of Time data set after the amalgamation in 5 activities: personal care&sleep (PS), study&work (SW), housework&family (HF), social activities (SA), and commuting&others (CO)
	PS
	SW
	HF
	SA
	CO

	1
	3660
	925
	129
	947




[bookmark: _GoBack]Although the reduction of the quantity of zeros, one can assume that the individual who has a zero in the “personal care&sleep” is an anomalous vector that we can remove from the study. On the other hand, the 947 zero values in the “commuting&others” may be caused by the experimental design; for example, because these individuals were controlled during the weekend (Saturday or Sunday). Some of them have a zero simultaneously in the part ”study&work”. However, most of them may be assumed as essential zeros, that is, individuals that do not make any study and working activity. This value is truly a zero, and is not a consequence of the experimental design or of the sample size. Then, these zero values have to be incorporated to the modelling process itself. 
	In some contexts, it is possible to interpret essential zeros in a certain part as indicators of two different subgroups of interest within the data set: observations with a value of zero in that part versus observation taking a positive value instead. For example, according to the “study &work” activities the population can be separated into two groups: those that have an essential zero and individuals with a positive value. 
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