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Un confronto tra le prestazioni dei metodi di norma Lp in casi di multicollinearità, ipotizzando una distribuzione di errori normale generalizzata 

Massimiliano Giacalone. Paolo Carmelo Cozzucoli

Abstract The normal distributions of order p, known also as exponential power distributions, are used in the description of non normal random errors in the general situation of Lp-norm estimation. L1-norm estimators (least absolute deviation); L2-norm estimators (least squares) and other Lp-norm proposal estimators are reviewed and applied to estimate the parameters of a particular linear regression model. In the paper are also reported few results concerning three alternative p-estimation methods to evaluate their performance for a linear model.
Abstract Le distribuzioni di ordine p, note anche come distribuzioni di potenza esponenziali, sono utilizzate nella descrizione degli errori casuali non normali nella situazione generale della stima Lp-norm. Stimatori di norma L1 (deviazione dal minimo assoluto); stimatori di norma L2 (minimi quadrati) e altri stimatori proposti del tipo Lp-norm sono rivisitati e applicati per stimare i parametri di un particolare modello di regressione lineare. Nel lavoro vengono, inoltre, riportati alcuni risultati riguardanti tre alternativi metodi di stima al fine di valutare le loro prestazioni per un modello lineare.
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1 The Exponential Power Function and the Lp‑norm estimators
The E.P.F is a family of probability functions proposed by Subbotin in 1923 and studied by Vianelli (1963), Lunetta (1966), Mineo A (1989). The density function is:
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where 
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 is the location parameter, 
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 is the scale parameter, and 
[image: image4.wmf]0

>

p

 is the shape parameter.

Considering the Pearson kurtosis index 
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 we distinguish: 

1.
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For particular values of p we have: 
a) the Laplace distribution  (
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); 
b) the Gaussian distribution, (
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c) and the Uniform distribution (
[image: image16.wmf]¥

®

p

, 
[image: image17.wmf]8

.

1

2

®

b

).
This family of curves, taken up by several authors, is often cited in the literature as exponential power distribution, but with different parameter settings, for example that of  Box, Tiao (1973), to study the robustness of Bayesian inference, in which p is related to a parameter  of non-normality by the relation: p=2/(1+).
In the form used by us, E[Z] is the true value of a quantity, whose observed values z are affected by errors with dispersion p=(E| Z - |p)1/p, average deviation absolute order p. The curves are unimodal, symmetric and, for p>1, bell-shaped. As special cases, have the Laplace distribution (p=1), the normal (p=2) and the uniform (p The shape parameter p is connected with the kurtosis, and the values of the index of kurtosis 2 vary from 2 for p(  to  1,8 for uniform distribution (p().
1.1 Lp‑norm estimators for linear regression models
Let us consider a sample of n observed data (
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The 
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-norm estimators minimize the sum of the p-th power of the absolute deviations of the observed points from the  regression function:
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Under regularity assumptions the log-likelihood related to the sample is given by:
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where we consider 
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The optimal exponent 
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-norm estimators of the regression parameters is  the shape parameter p of the E.P.F.

If 
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 is unknown we have two related problems to consider: 

1) The estimation of the exponent 
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 on the sample data

 2) The choice of the minimization algorithm to obtain  the regression parameters estimation   (see Gonin & Money, 1989).
2 Multicollinearity in linear regression models
The purpose of a regression model is to find out to what extent the outcome (dependent variable) can be predicted by the independent variables. The strength of the prediction is indicated by R2, also known as variance explained or strength of determination.

The absence of multi-collinearity is essential to a multiple regression model. In regression when several predictors (regressors) are highly correlated, this problem is called multi-collinearity or collinearity. When things are related, we say they are linearly dependent on each other because you can nicely fit a straight regression line to pass through many data points of those variables. Collinearity simply means co-dependence. It is problematic when one's purpose is explanation rather than mere prediction. Collinearity makes it more difficult to achieve significance of the collinear parameters. But if such estimates are statistically significant, they are as reliable as any other variables in a model. And even if they are not significant, the sum of the coefficient is likely to be reliable. In this case, increasing the sample size is a viable remedy for collinearity when prediction instead of explanation is the goal (Leahy, 2001). However, if the goal is explanation, measures other than increasing the sample size are needed as  the Ridge Regression (Morris, 1982; Pagel Lunneberg 1985) or the Partial Least Squares (Cassel, et al 1999).

Variation Inflation is the consequence of multi-collinearity. We may say multi-collinearity is the symptom while variance inflation is the disease. In a regression model we expect a high variance explained (R-square). The higher the variance explained is, the better the model is. However, if collinearity exists, probably the variance, standard error, parameter estimates are all inflated.

The same information might be expressed in terms of the so-called Variance Inflation Factors:

VIF = 1/(1-R2)

As the name indicates, the V.I.F. measures the factor by which the parameter’s variance (in an orthogonal regression; hence without multicollinearity) is multiplied (c.q. inflated).

In lecterature we find many examples of how the condition index and the Variance Inflation Factors can be used to test for possible multicollinearity. The VIF test is  then applied to our example-equation in the following simulation studies.

3 The simulation plan and final remarks
We consider 500 samples of sizes n=50, 100, 200 generated from E.P.F.,  and 6 values of p, ranging from 1.0 to 3.5 with step 0.5. The algorithm for generating the 
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) from an E.P.F. is suggested  by Chiodi (1986).

The values of 
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 are given by the multiple regression model :

yi = (0 + Xi1 (1 + X i2(2 + X i3(3                                                           (6)

with X1  X2 identically and independent variables, distributed  from  a  Gaussian  standardized distribution and X3    linear combination of   X1  and  X2 . 
X3 = X1 + X2 + Z               with   Z - N(0, (z )                                                 (7)

            Then we can write the related variance and covariance matrix:

	             X1           X2          X3

	X1        1         0        1

	X2        0         1        1

	        X3            1         1      2 + (2z


It is easy to see that:                    E (X32) = E (X12)  +  E (X22)  + (2z = 2 + (2z.

and  the correspondent correlation matrix is equal to:

	                              1                      0                  1 /  ( 2+(2z )

	                              0                      1                   1 /  ( 2+(2z )

	                            1/( 2+(2z )    1/( 2+(2z )              1


Where  r13 = cov (X1, X3) / ( var(X1) var(X3) ) = 1 /  (1((2+(2z)  ) =  r23
And         R23.12 = 1 – detA/detA33 = 2/ (2+(2z)

We can observe that in our simulation model  the rate of multicollinearity is   proportional (in inverse way) to (2z. 

Considering the parameter values (0 = 1,   (1 =2,   (2 = 3,  (3 = 4, we make a comparative analysis applying the three following estimation methods on the same samples :
1.
Least squares estimators (
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2.
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 of the E.P.F. (
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3. 
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-norm estimators with 
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=1   (Least absolute deviation)  (
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The simulation studies show how  in some cases (
[image: image45.wmf]p

L

) achieves more efficient estimates for the regression  parameters when compared with least squares procedure. In particular, using the 
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 and the 
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 method better performances in terms of the variances of the parameter estimates, are always obtained in the case of nonnormal symmetric distributions respect to the least squares situation also considering a model with collinear regressors. 

References

Agro’ G. (1995), Maximum likelihood estimation for the exponential power function parameters. Comm. Statist - Simula. Computa.,24,  523,536.

Box G.E.P., Tiao G.C. (1973) Bayesian inference in statistical analysis. Addison-Wesley Ed.; Reading, Massachusetts.
Chiodi M. (1986), "Procedures for Generating Pseudo-Random Numbers from a Normal Distribution of Order p" Riv. Stat. Applicata, 19,  7-26.

Chiodi M. (2000) Le curve normali di ordine p nell'ambito delle distribuzioni di errori accidentali: una rassegna dei risultati e problemi aperti per il caso univariato e per quello multivariato. Atti della XXXX Riunione Scientifica SIS. Ed. C.I.S.U. Roma.

Giacalone M. (1997) Lp-norm estimators for nonlinear regression models.  Student, vol 2, 119-130.

Gonin R. and Money A.H. (1989) "Nonlinear Lp-Norm Estimation" Marcel Dekker Inc. New York - Basel.
Leahy, K. (2001). Multicollinearity: When the solution is the problem. in Olivia Parr Rud (Ed.). Data Mining Cookbook (pp. 106 - 108). John Wiley & Sons, Inc, 

Lunetta G. (1966) Di alcune distribuzioni deducibili da una generalizzazione dello schema della curva normale. Annali della Facoltà Economia e Commercio di Palermo, 20,1,  117-143.

Mineo A. M. (1994) Un nuovo metodo di stima di p per una corretta valutazione dei parametri di intensità e di scala di una curva normale di ordine p. Atti della XXXVII Riunione Scientifica della SIS. Ed. C.I.S.U. Roma; 1, 147-154.
Mineo, A.M. (2006), Le Curve Normali di Ordine p come Distribuzione Generale degli Errori Accidentali: Uno Strumento Software per il loro Utilizzo. In "Metodi, Modelli e Tecnologie dell'Informazione a supporto delle Decisioni”.Ed. P.Amenta - L. D'Ambra- M. Squillante - A. Ventre, F. Angeli, 463-471.

Subbotin M. T.(1923) On the law of frequency of errors, Matem. Sbornik, 31, 296-301.

� Massimiliano Giacalone, lecturer with annual appointment, University of Bologna “Alma Mater Studiorum”; Forli’ Campus; email: massimilia.giacalone@unibo.it


   Paolo Carmelo Cozzucoli, University of Calabria, Department of Economics, Statistics and Finance; email: cozzucoli@unical.it








_1453761072

_1454195048.unknown

_1454195056

_1454196221

_1454196582

_1454266675

_1454269918

_1454269919.unknown

_1454269917.unknown

_1454243221.unknown

_1454196224

_1454196226

_1454196227

_1454196225

_1454196223

_1454196219

_1454196220

_1454195057

_1454195052

_1454195054

_1454195055

_1454195053

_1454195050

_1454195051

_1454195049

_1454195043

_1454195045

_1454195047.unknown

_1454195044.unknown

_1454195041

_1454195042

_1454195040.unknown

_1453761064

_1453761068

_1453761070

_1453761071

_1453761069

_1453761066

_1453761067

_1453761065

_1453761060

_1453761062

_1453761063

_1453761061

_1453761058.unknown

_1453761059.unknown

_1453761057.unknown

