Statistical properties of urn designs in clinical
trials

Proprieta statistiche di disegni d’'urna nei test clinici
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Abstract We propose a response-adaptive design, described in téums model,
whose allocation proportion converges to prespecifiedegallihe main asymptotic
results concerning the urn designs are presented and séstud/e adopt the urn
model to implement the random allocation procedure of arexgent that aims at
testing the mean effect of two treatments. We conduct asstati analysis on the
inferential performance of different tests and we show,thaten a non adaptive
test.%, the response adaptive model constructs afeshat is better tharp, in
terms of (a) higher power and (b) fewer subjects assigneletinferior treatment.
A retrospective real case study is presented.

Abstract Proponiamo un disegno adattivo alla risposta, descrittteimmini di mod-
ello d’urna, la cui proporzione di allocazione converge doraprefissati. | princi-
pali risultati asintotici relativi al disegno d’'urna sonar@sentati e discussi. Adotti-
amo il modello d’'urna per implementare la procedura di aha®ne di un esper-
imento che ha lo scopo di confrontare I'effetto medio di dad¢tamenti. Condu-
ciamo un’analisi statistica sulle prestazioni inferered diversi test e mostriamo
che, dato un test non adattivéy, il modello adattivo alla risposta costruisce un test
7 cherisulta migliore di% in termini di () maggiore potenza e (b) meno pazienti
assegnati al trattamento inferiore. Un caso studio retettipoé presentato.
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1 Response-adaptive procedures and urn models

This work focuses on the statistical properties of urn medeled as response-
adaptive designs for clinical trials (see [7]). We considem models with ran-
dom non-negative reinforcements concerning only the etadacolor. These de-
signs have been called Play the Winner or Randomly Reinfiddeca (RRU) designs
(see [2, 6]). Although these designs are able to asymptiytigbocate subjects to
the optimal treatment, their statistical properties pnéseme problems. At first, be-
cause there are many results for designs whose asymptotiatdn isp € (0,1),
that cannot be applied to RRU models since their asymptibdication isp € {0,1}.
Moreover, these models generate groups with very diffesamiple sizes. Then, the
inferential procedures based on these designs are ustaipacterized by a very
low power in comparing treatments effects. For these reqssa modify the re-
inforcement scheme of the urn to construct a design that pitivally targets an
allocation proportiorp € (0,1). The term target indicates the limit of the urn pro-
portion process. We refer to this urn model as the ModifieddRarly Reinforced
Urn (MRRU) design and its properties have been mainly ingattd in [1, 3]. In
order to assign a small proportion of subjects to the inferimatment, the MRRU
model presents two possible values for the limit of the altmn proportiond and
n, with 0< é <n < 1. In[1, 3] we prove that both the urn proporti@ and
the allocation proportiofNg(n)/n converge a.s. t@ = N1in.-my) + 0limpemy}s
wheremg andmy indicate the response means to two competing treatmetits] ca
R andW respectively. Then, this model achieves the ethical goalssfgning an
arbitrarily small proportion of subject to the inferior &tenent. Moreover, since the
limiting proportion is within(0, 1), all the results for designs with asymptotic allo-
cationp € (0,1) can be applied and the inferential performances are improve

2 An urn procedure to construct efficient test for
response-adaptive designs

In this section we conduct an analysis on the statisticdbpmance of different tests
for comparing the mean effect of two treatments ([4]). Gieetest.7, we deter-
mine which sample size and proportion allocation guaratategest7 to be better
than %, in terms of (a) higher power and (b) fewer subjects assigadte infe-
rior treatment. The adoption of a response adaptive designglement the random
allocation procedure is necessary to ensure that both g are satisfied. In par-
ticular, we propose to use the Modified Randomly Reinforced désign (MRRU)
described in [1] and we show how to perform the model pararmstdection for the
purpose of this chapter.

Consider the classical hypothesis test aiming at compahi@gesponse means to
two treatmenR andW
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We assume response distributions to be Gaussiamd.e..# (Mg, 03) and ty =
JV(mN,og,Zv), with known variances. Lepg € (0,1) be the proportion of patients
allocated to treatmerR and letng be the total number of subjects involved in the
experiment. Lehg r andngy indicate the number of subjects assigned to treatment
RandW, respectivelyifior + Now = No). Moreover, let us fixg according on the
following parameters

e q :the significance level of the test;
e /Ap:the smallest difference among the means detected withgugler;
e [ : the minimum power for a difference among the means Ag;

Then, we have the following expression for critical regidtevel o

— _ 0§ o3
Ry =14 [Mngg —Nngy | > R+ Zg (2)
' ' Nor Now

whereMpg, = ¥1°F Mi/nog andNng,, = 5%} Ni/now and zg is the quantile of
order 1- a /2 of a standard normal distribution. Furthermore, the pafi¢he test,
is a function of the real differenct = mg — my, i.€.

A A
B(A)=P|Z< -2 —————|+P|Z>2a -
L% g S
No R Now No R Now

Let us call 7 the test defined in (2), withy as sample size angh as proportion

of patients allocated to the treatmd®itTo construct a test with equal parameters
(a, Ao, Bo) and better statistical performance, the proportion oifgagsent or the
sample size has to be conveniently modified. The fgstould be represented in
the space(0,1) x .4), that we callproportion - sample sizepace, by the couple
(po,No). Any other test7 can be represented by a poit, n) in the same space.
The goal of this section is to point out regions of this spdtaracterized by tests
performing better thavp. A test.7 will be considered strictly better tha#p if it
satisfies both the following conditions

()7 has a power function uniformly higher than the power functd 7;
(b).7 assigns to the worst treatment fewer patients thgn

Let us callB andf 7, the power functions of the test® and.”7 respectively. To
achieve condition (a) we impose the following constraint

2 2 2 2
ORr Gw_ _ OR Ow

B7(8) 2 Bx(8) VAEZ « o " n(1—p) ~ nopo " No(1— Po)

3)

_Now, if we denote aPopt th_e Neyman allocation proporti%, we can rewrite
inequality (3) in a more suitable form
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poptzJr (1— popt)? - Popt® . (1= Popt)?
np n(1—p) = nopo  No(1—po)

(4)

Inequality (4) divides th@roportion - sample sizepace in two regions. The bound-
ary is computed by imposing the equality in (4) and expresiie sample size as
a function of the proportiop.

N ( ) - %4» (1— popt)z pgpt + (1_ popt)z ! (5)
plP) = {7 1-p noPo ~ No(1— po)

We refer to function (5) asg, since it was computed by imposing the condition re-
lated with the power of the tegt This relationship betweemandn is visualized in
Figure 1 by ared line. Each point over this curve is a f&stith a power uniformly
higher than%.

To satisfy condition (b) we have to distinguish two differeases, depending on
which is the superior treatment

e if mgr > my = the superior treatment Rand the condition to be imposed is
n
n(1—p) <no(1l—po) & p>1——2(1—po); (6)
e if mgr < my = the superior treatment W and the condition to be imposed is
No
Np <TMoPpo & P <—Po. (7)

Both these constraints are depicted in blue inghgportion - sample sizplane.
Below each of these lines, the first or the second conditigariied. In conclusion,
we divided thgproportion - sample sizepace in three regions:

e RegionA:

A= {(x,y)e(o,l)x(o,oo) S ng(x) <y < %no}

tests.7 € A have a power uniformly higher and allocate to treatnfefess pa-
tients than%.
e RegionB:

B = {(X,y)E(O,l)x(O,W) Ly> max{@'l_po}-no}

X' 1—x

tests.7 € B have a power uniformly higher and allocate to both treatsemire
patients thar?p.
e RegionC:
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tests.7 € C have a power uniformly higher and allocate to treatménkess
patients thar?p.

Hence, a test” with better performance thafi is a point(p, n) in the regionA if
mgr < My, or in the regiorC if mg > my. Unfortunately, the experimenter cannot
know which is the superior treatment before conductingia¢ for this reason, it
could be useful to adopt a response adaptive design to cohgiie test, since this
method is able to target different allocation proportioosaading to the responses
collected during the trial. The asymptotic behavior ofistats based on adaptive
estimators have been deeply studied in literature (sea&tamce [5]). The authors
propose to adopt thdodified Randomly Reinforced Udesign (MRRU).

Assume a sample sizehigher than the one of the tegp (i.e.,n= c-ng with ¢ > 1).
For anyn > ng, we can individuate the following intervals

o 14={x€(0,1):(x,n) € A}
e 1B={xe(0,1):(x,n)eB}
o IS={xe(0,1):(x,n)eC}

Notice that the intervals are mutually disjoints and camediin(0,1). The aim is to
point out an adaptive test represented in theroportion - sample sizepace by a
point in regionA whenR is the inferior treatment, or in thé& whenW the inferior
one. This goal is achieved when

Nr(n)

R 1§ if mg > mw,

RR) ¢ 1A if mg < my.
Since the sequencﬁ@ converge a.s. t® = Nlipomy) + 01l{mgemy), We set

5 clhandn €15, so that ling_,e NRk(k) c 1A if mg < my and lim_,e NRk(k) elS

if mg > my. This choice implies that the test is in the right region, where both
condition (a) and (b) are satisfied. In Figure 1 we show howitheprocesZ,, con-
verges towards the right region.

The speed of convergence of the urn model is a key point fostiteess of this
procedure. A complete discussion over the quantities tiflatance the asymptotic
behavior of the urn process is reported in [4].

In [4] we analyzed a real case study, where the applicatidgheoimethodology pre-
sented in this paper would have improved the performancecte#ssical test, from
both the statistical and ethical point of view. We considetacconcerning treatment
times of patients affected by ST- Elevation Myocardial. Tinein rescue procedure
for these patients is the Primary Angioplasty. It is well Wmothat to improve the
outcome of patients and reduce the in-hospital mortalytithe between the arrival
at ER (called Door) and the time of intervention (called Bedpmust be reduced as
much as possible. So the Door to Baloon time (DB) is our treata response. We
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Fig. 1 The pictures represents the regidgsB andC, for a particular choice ofr, By, Ao and po.
For each fixed sample size the parameters of the urn modgln € (0,1) are chosen such that
(6,n) € Aand(n,n) € C. On the left: simulations witimg < my. On the right: simulations with
mg > M. In both pictures, the black lines represent 10 replicatiafithe urn proces&y k.

have two different treatments: the patients managed by 18e(ftee-toll number
for emergency in ltaly) and the self presented ones. We desig experiment to
allocate the majority of patients to treatment performietidr, and simultaneously
collect evidence in comparing the time distributions of DBds. The results of the
study are presented in [4] and they show the goodness of tvegure presented in
the paper.
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