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Sommario In this work we compare finite population quantile estimators in a simu-
lation study. We consider settings where complete auxiliary information is available,
and quantile estimators that are obtained from inversion of several well-known esti-
mators for the population cdf. The simulation results show that estimators based on
separate estimates of the regression function and the error distributions are usually
the most efficient ones.
Sommario In questo lavoro confrontiamo stimatori per i quantili di una popola-
zione finita mediante simulazioni. Considereremo stimatori basati sull’inversione
di stimatori per la funzione di ripartizione che sfruttano informazione ausiliaria
completa. I risultati delle simulazioni mostrano che solitamente gli stimatori più
efficienti sono quelli basati su stime separate della funzione di regressione e delle
distribuzioni degli errori.

Key words: superpopulation model, local-linear regression, model-based estima-
tor, model-assisted estimator, model-calibrated estimator

1 Introduction

In the present work we compare the efficiency of quantile estimators based on in-
version of several distribution function estimators in a simulation study. The distri-
bution function estimators we consider are the same as those in Pasquazzi and De
Capitani (2014). Hence we will use the same definitions and the same notation as
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in the latter work hereafter. Thus, the pair (yi,xi) denotes the values of a study va-
riable Y and of an auxiliary variable X associated with unit i of a finite population
U = {1,2, . . . ,N}. While xi is assumed to be known for all i ∈U , yi is known only
for i ∈ s, where s ⊂U is a sample of units that has been selected according to so-
me sampling design. The model-based estimators for FN(y) := 1

N ∑i∈U I(yi ≤ y) we
considered for deriving quantile estimators will be denoted by F̂•(y). They are all of
the general form

F̂•(y) :=
1
N

{
∑
i∈s

yi +∑
i/∈s

p̂•,i

}
,

where the p̂•,i’s denote predictors for P(yi ≤ y), i /∈ s, under some superpopulation
model. The predictors used in the simulations are those implicit in

- the Chambers and Dunstan (1986) estimator F̂CD(y):

p̂CD,i :=
1
n ∑

j∈s
I
(

y j− x jβ̂ ≤ y− yixiβ̂

)
where n denotes the sample size, and β̂ := ∑k∈s xkyk/∑k∈s x2

k ;
- the Kuo (1988) estimator F̂K(y):

p̂K,i := ∑
j∈s

w j(xi)I(y j ≤ y),

where w j(x) is defined as the jth component of w := eT
1
(
XT

x WxXx
)−1 XT

x Wx. In
the definition of w, eT

1 := (1,0), Xx := [1,(xi− x)]i∈s, and Wx := diag[K((xi−
x)/λ )]i∈s with λ > 0 and with K(u) := 3

4 (1−u2)I(|u| ≤ 1) for u ∈ R;
- the Chambers, Dunstan and Wehrly (1993) estimator F̂CDW (y):

p̂CDW,i := p̂CD,i +∑
j∈s

w j(xi)
[
p̂K, j− p̂CD, j

]
- the nonlinear version F̂DH(y) of the Chambers and Dunstan estimator proposed

by Dorfman and Hall (1993):

p̂DH,i :=
1
n ∑

j∈s
I (y j− m̂(x j)≤ y− m̂(xi))

where m̂(x) := ∑k∈s wk(x)yk;
- the Double-Regression estimator F̂DR(y) proposed by Pasquazzi and De Capitani

(2014):
p̂DR,i := ∑

j∈s
w j(xi)I (y j− m̂(x j)≤ y− m̂(xi)) .

In addition to the above model-based estimators, we also tested the performance of
quantile estimators derived from model-assisted estimators F̃•(y) for FN(y). Except
for the model-calibrated estimator F̃MC(y) proposed by Rueda et al. (2010), they are
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all generalized difference estimators of the form

F̃•(y) :=
1
N

{
∑
i∈s

diI(yi ≤ y)+ ∑
i∈U

p̃•,i−∑
i∈s

di p̃•,i

}
,

where the di’s denote the inverse sample inclusion probabilities, and the p̃•,i’s are
design-weighted versions of the predictors p̂•,i. As for the model-calibrated estima-
tor F̃MC(y) considered the simulations, it is defined by F̃MC(y) := ∑i∈s ωiI(yi ≤ y),
where the ωi’s minimize the chi-squared distance Φs := ∑i∈s(ωi − di)

2/di under
the constraints ∑i∈s ωiI(m̃(xi)≤ y∗r ) = ∑i∈U I(m̃(xi)≤ y∗r ), r = 1,2,3,4. In the con-
straints, m̃(x) denotes the design-weighted version of m̂(x), and y∗r , r = 1,2,3, are
the three quartiles of the m̃(xi)’s, i ∈U , while y∗4 := maxi∈U m̃(xi).

Since not all estimators for FN(y) included in the simulation study do provide
nondecreasing estimates F(·) with probability 1, we used the following rule for
computing the inverses F−1(t) at the levels t = 0.1,0.25,0.50,0.75,0.90:

F−1(t) :=
1
2
(inf{y : F(y)≥ t}+ sup{y : F(y)≤ t}) .

2 Simulation Study

To compare the efficiency of the quantile estimators we simulated B= 1000 samples
of size n = 100 by simple random without replacement sampling. The samples were
selected from eight finite populations of size N = 1000 generated from the following
superpopulation models:

M1 yi := xi +σεi

M2 yi :=
√

xi +σεi

The errors εi were generated independently from either the Student t distribution
with ν = 5 df (identically distributed error components), or from shifted noncentral
Student t distributions with ν = 5 dgf and with noncentrality parameter ζ = 15xi
(not identically distributed error components). The shifts applied to the error distri-
butions in the latter case are aimed to make sure that their expectations equal zero.
Note that in the case of not identically distributed error components the auxiliary
variable influences not only the scale but also the shape of the error distributions.
As for σ , we considered two values: σ = 0.1 (strong regression relationship), and
σ = 0.3 (weak regression relationship). The x-values of the auxiliary variable were
independently generated from the uniform distribution on (0,1). The populations
we considered are thus 2(regression functions)× 2(types of error components)×
2(values of σ) = 8.

The simulation results are summarized in Tables 1 and 2, where the ratios bet-
ween the simulated MSE referring to each estimator and the one referring to the
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corresponding inverse of the Horvitz-Thompson estimator F̂HT (y) are reported. In
the notation identifying estimators which involve local-linear regression, we added
a subscript s or l according to whether the bandwidth λ was set to λs := 0.1 or
to λl := 0.3. In the double-regression estimators we added two subscripts, because
we also tested two different bandwidths for estimating the regression function (first
subscript) and the error distributions (second subscript).

The simulation results confirm that the estimators based on auxiliary information
do often provide a large gain in efficiency with respect to the inverse of F̂HT (y). In
the case of identically distributed errors the gain in efficiency seems more pronoun-
ced when σ = 0.1 than when σ = 0.3, while in the case of not identically distributed
error components evidence in favor of this statement is not as clear. Beyond this, it is
worth noting that, unless the finite population does not follow the underlying super-
population model (as may be the case with F̂CD(y), F̂DH(y) and their model-assisted
counterparts), the estimators based on a separate estimate of the regression func-
tion appear to be more efficient than the quantile estimators derived from F̂K(y) and
F̂CDW (y). In this respect, we emphasize the good overall performance of the quantile
estimators derived from F̂DR(y). With the proper bandwidth combination they loose
little efficiency with respect to those derived from F̂CD(y) and F̂DH(y) in the po-
pulations with identically distributed errors, and they are usually the most efficient
estimators in the populations with not identically distributed errors.
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